A Finite Fracture Mechanics model is proposed to predict the net-tension strength of composite mechanically fastened joints. A modification of coupled stress-energy criteria is suggested to take properly into account the effect of the R-curve in determining the crack length corresponding to the unstable crack propagation. The proposed model works for quasi-isotropic laminates and it requires as input the longitudinal strength and the fracture toughness of the laminate. The predictions obtained show good agreement when compared with the experimental results.
shows the typical geometry of the specimen and the relevant parame-10 ters: the width, w, the end distance, e, the diameter of the hole, d. The effects 11 of these parameters on the strength of composite mechanically fastened joints 12 were discussed by several authors [4] [5] [6] [7] [8] [9] . 13 [ Fig. 1 about here. ] 14 Hart-Smith [4] showed that when the diameter is large compared with the 15 width of the specimen net-tension failure mode occurs. The critical value of 16 the w/d ratio that defines the change in the failure modes from net-tension to 17 bearing depends on the material and on the lay-up used. For quasi isotropic 18 CFRP laminates the w/d ratio corresponding to the change in failure mode 19 is about 3-4. Modifications of the geometry and of the layup of the laminate 20 change the failure mode of the joint and consequently the strength of the joint. 21 The strength prediction methods developed in previous studies for the fast 22 design and optimization of composite bolted joints use empirical parameters: 23 the tensile strength of the laminate, X L , and one or more characteristic di- 24 mensions. The strength prediction methods used are based on modifications 25 of the point- [10] and average-stress [11] models proposed by Whitney and 26 Nuismer [12] . 27 A combination of a characteristic distance [12] and a failure theory were used 28 by several authors [13, [15] [16] [17] [18] [19] . Chang et al. [13] used the Yamada-Sun [14] fail- 29 ure criterion together with a proposed characteristic curve in a bi-dimensional 30 Finite Element (FE) model. The Yamada-Sun [14] failure criterion is expressed 31 as:
where σ 11 and σ 12 are respectively the longitudinal and in-plane shear stress 33 in a ply, X L is the ply longitudinal strength and S c the ply shear strength 34 measured from a cross-ply laminate. Failure occurs when e f ≥ 1. The charac- 35 teristic curve was defined as:
where d 0t and d oc are the characteristic dimensions for tension and compres-37 sion, respectively. Both parameters must be obtained experimentally. The non- 38 linear shear stress-shear strain was also taken into account in [19] . 39 Camanho and Lambert [20] using the concept of characteristic curve together 40 with the LaRC04 failure criteria [21] developed a methodology able to predict 41 the elastic limit of the joint and the ultimate failure load of the joint. The following assumptions are made:
61
• only quasi-isotropic laminates will be addressed. This is not a severe lim-62 itation because even if in theory the layup of the composite joint can be 63 a different one the common practice in the aeronautical industry is to use 64 quasi-isotropic laminates to enhance the joint performance under different 65 loading cases and to minimize the stress concentration factor. However the 66 method is general and it can be extended to different layups and stacking 67 sequences with some modifications.
68
• only the net-tension failure mechanism is investigated. This failure mecha-69 nism occurs in highly optimized composite joints and in relevant structural 70 details such as composite lugs.
71
It should be noted that for the case of net-tension failure there is a clear macro-72 crack and therefore Finite Fracture Mechanics is applicable. This is not the 73 case of bearing failure mode where permanent deformation of the hole caused 74 by ply-level failure mechanisms and delamination occur [20, 31] .
75
The problem to solve in the Finite Fracture Mechanics framework is shown 76 in Figure 1 where a mechanically fastened joint under tensile loading and 77 the associated coordinate system are shown. The contact pressure around the 78 pin is assumed to be cosinusoidal, as it has been suggested by Waszczak and 79 Cruse [32] for both isotropic and anisotropic materials. Moreover, it is assumed 80 that the x and y axes correspond to the preferred axes of the material and that 81 the end distance, e, is sufficiently large to prevent shear-out failure. Finally, all 82 the variables used are defined per unit thickness of the laminate. The contact 83 pressure is given as:
where p max is the maximum value of the contact pressure and ϑ is the angle 85 shown in Figure 1 . The load applied to the joint along the y-direction is simply 86 obtained as:
The remote stress, σ ∞ , and the bearing stress, σ b , are given as:
It is noted that the bearing strength depends only on the maximum contact 89 pressure applied and not on the dimension of the joint.
90
A modification of the coupled stress-energy criterion proposed in [26] and 91 applied in [30] for the prediction of open-hole strength of composite laminates 92 is used to predict the strength of the joint. However, the knowledge of both 93 the longitudinal stress distribution along the net-tension plane ( Figure 2 ) and 94 the stress intensity factor for the case of two cracks emanating from a hole for 95 a composite joint loaded in tension (see Figure 3 ) is required. It is convenient to define a new coordinate system (ξ, y), with the origin at 99 the edge of the hole where ξ is defined as:
It should be noted that ξ is dimensionless and takes the value of ξ = 0 at 101 the hole edge and ξ = 1 at the outer edge of the specimen. In this coordinate 102 system the coupled stress-energy criterion [26] reads:
where l is the crack extension just before its unstable propagation. It should 104 be noted that the fracture toughness K IC in the right-hand side of the second 105 equation in (8) is considered constant in [26] and it can be considered equal 106 to the toughness propagation value when the length of process zone, l pz , is 107 small with respect to the characteristic dimensions of the specimen. In that 108 case the actual shape of the R-curve can be neglected and a constant value of 109 the fracture toughness K IC is considered. Therefore, to take into account the R-curve of the material a modification of 123 the coupled stress-energy criterion, equation (8), is proposed:
where K IC (∆ξ) is the R-curve expressed in the (ξ, y) coordinate system. As-125 suming that the R-curve, K IC (∆a) where ∆a the crack increment, is known, 126 the fracture toughness K IC (∆ξ) is obtained taking into account that ∆a = 127 ∆ξ (w − d) /2.
128
For the elastic orthotropic case the stress σ y and the stress intensity factor K I 129 of equation (9) depend, for a given bearing strength, σ b , only on the dimensions 130 and on the orthotropy of the material.
131
For quasi-isotropic laminates the dependence of the stress intensity factor on 132 the material can be neglected. In fact the response of an orthotropic solid in 133 plane stress only depends on two dimensionless parameters [33, 34] :
where E x and E y are respectively the laminate longitudinal and transverse To compute the stress distribution σ y (ξ, ω) it is convenient to use the super-146 position of the stress field. It is possible to compute numerically, using the 147 Finite Element Method, the stress distribution when a unitary remote load is 148 applied at a joint with a unitary diameter of the hole:
The polynomial fitting function φ is calculated using the commercial software 150 Abaqus 6.8-3 [35] . The two variables to investigate are ω (1 < ω < ∞) and ξ 151 (0 ≤ ξ < 1). However, for practical application 1.5 < ω ≤ 4. In fact for ω > 4 152 bearing failure occurs [4] instead of net-tension failure.
153
A parametric Finite Element model was created using Python [36] together 154 with Abaqus 6.8-3 CAE [35] . The 8-node biquadratic element, CPS8, was used 155 to mesh the models and a unitary bearing stress σ b = 1 was applied.
156
Finally, the parameters that best fit the data are obtained via a least-squares 157 curve fitting method in Matlab 7.6.0 [37] . Our calculation shows that φ (ξ, ω) 158 can be approximated with high accuracy with a polynomial fitting function:
where Φ ij is the element of the matrix Φ at the row i and at the column j, 
In an analogous way, for a crack of length ξ the stress intensity factor when a 170 unitary bearing stress is applied reads:
To compute Ψ a parametric Finite Element model was created using Python [36] 172 together with Abaqus 6.8-3 CAE [35] . The 4-node quadratic, reduced integra-173 tion element, CPS4R, was used to mesh the models and a unitary bearing 174 stress σ b = 1 has been applied. In this model the variables that vary are the 175 diameter over width ratio, ω (1.5 < ω ≤ 4), and the crack length l (0 < l < 1). Finally, for a general bearing stress, σ b , and for any diameter, d, the stress 186 intensity factor reads:
Inserting equations (14) and (16) in (9):
where the bearing stress at failure, σ b , and the crack length at failure, l, are 189 the two unknowns. Dividing the first of equation (17) for the squared root of 190 the second gives:
Equation (18) can be solved for l (0 < l < 1). Substituting the value of l in 192 one of (17) enables the calculation of the bearing stress at failure, σ b . to laminates with a nominal thickness of 3mm, was selected.
197
The material was cured according to the specifications of the manufacturer. 
202
After curing, the laminate was cut using a diamond saw and the specimens
where K i IC and K p IC are respectively the initiation and the propagation values 221 of the fracture toughness, e is the Euler's number, and b is calculated fitting the 222 experiments. Figure 10 shows the fracture toughness values obtained in [41] For a given ω, the length l can be obtained from equation (18) . Consequently, 228 substituting l, for example in equation (14), the bearing stress at failure can 229 be obtained. Table 2 shows the comparison between the experimental value of 230 the joint strength and the corresponding prediction. It is concluded that the 231 proposed method, that is based on only two material properties (the strength 232 and the fracture toughness), yields predictions that are in good agreement 233 with the experimental data.
234
[ Table 2 about here.] 235 Figure 11 shows the specimen after testing. A straight crack in the net tension 236 plane is observed.
237
[ Fig. 11 about here.] 238 Figure 12 shows the predicted failure envelope, the experimental data and the 239 bearing cut-off strength obtained in a previous investigation [20] .
240
[ Fig. 12 about here.]
241
From an inspection of equation (17) it is concluded that the bearing stress at 242 failure will depend on the diameter of the joint. Using the proposed model it is 243 possible to identify this dependency as shown in Figure 13 where the bearing 244 stress at failure of a joint with ω = 2 is plotted as a function of the diameter d. Element Method a parametric study was conducted to determine the stress 252 distribution of a mechanically fastened joint and the stress intensity factor for 253 the joint with two cracks emanating from the hole edge.
254
A modification of the coupled stress-energy criterion proposed in [26] was sug-255 gested to properly take into account the actual shape of the R-curve of the 256 material. The predictions obtained are in good agreement with the experimen-257 tal results.
258
It should be pointed out that the proposed methodology can be easily extended 259 to the case of an orthotropic mechanically fastened joint. In that case, the 260 influence of the orthotropy of the material should be taken into account (the 261 parameters ρ and λ of equation (11) will differ from unity) and consequently 262 φ and ψ will also be function of ρ and λ (or only ρ is the orthotropic rescaling 263 technique is used [33] ). Moreover it should be pointed out that the hypothesis 264 that the stress distribution at the hole be cosinusoidal [32] would be unrealistic 
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A Polynomial fitting functions calculation
The matrices Φ and Ψ of equations (13) and (15) respectively are: Table 2 Comparison between experimental and predicted strength of the joint
